Strongly stable and consistent multistep methods with maximum order are subject to marginal (or weak) stability. In this paper we introduce modified multistep methods whose coefficients depend linearly on the stepsize h and a parameter L in such a way that the order of the original method is not decreased. By choosing L in a suitable manner (depending essentially on fy(x, y) of the differential equation y' = f(x, y) and on the growth parameters of the multistep method), marginal stability can be eliminated.
1. Introduction.
In We assume that the function f(x, y) be defined and continuous in the strip 5: a ^ x = b, \y\ < a», in S, it shall also satisfy a Lipschitz condition with respect to the variable y.
In the following we shall denote the exact solution of (1.2) at x = xm by y(xm), whereas ym means the approximation to y(xm) given by (1.1) and a certain set of initial values y0, ■■■ , yt.v
The characteristic polynomials associated with (1.1) are defined by The fc-step method (1.1) will be referred to as the method (p, a).
Definition. Let Then the largest integer p, for which Max \£{y(xn); h]\ = 0 (hv+l) for all solutions of (1.2) having continuous derivatives of sufficiently high order, is called the order of the method (p, u).
Definition. The method (p, er) is called (strongly) stable if no zero of p(z) has modulus exceeding one and if the zeros on the unit circle are simple.
The method (p, <r) is called consistent if
It is known [3, p. 51] that the order of a stable and consistent /c-step method cannot exceed p = k + 2. A method (p, a) has the maximum order p = k + 2 if its characteristic polynomials satisfy the following conditions:
Definition. A stable and consistent A>step method (p, <r) with maximum order p = k + 2 is called an optimal method.
Throughout this paper, the method (p, <r) is assumed to be an optimal method. It is well known that optimal /c-step methods are subject to marginal (or weak) stability (see, for instance, [5, p. 242] ). The main reason for this behavior is that some of the growth parameters (1.6) X, = "fr* ,
(which are known to be real, [4, p. 40]) are negative. In particular, the growth parameter associated with the zero z = -1 of p(z) satisfies the inequality X = -\, where equality is reached only for k = 2. In [1], the author has derived a class of modified &-step methods. These methods are given by the characteristic polynomials k ,j
(1.7) R(w, hL) = £ á,w" = p(w) + --p*(w) and k ,.
(1.8) S(w, hL) = X! &w' = <r(w) + ~-<t*(h>). The nonnegative parameter L is called the parameter of stabilization. Obviously the coefficients of the polynomials R(w, hL) and S(w, hL) are linear functions of hL, and we have R(w, 0) = p(w), S(w, 0) = a(w). It has been shown [1, p. 442] that the modified fc-step method (R, S) has order p = k + 2, and for the case where f(x, y) = Ay (A < 0) the author has demonstrated that marginal stability can be eliminated (without decreasing the order of the k-step method) by choosing the parameter L in a suitable manner depending essentially on the growth parameters of the original fc-step method and on the constant A. The purpose of this paper is to extend the results of [1] to nonlinear ordinary differential equations of order one. In the following section some important properties of the polynomials R(w, hL) and S(w, hL) are presented. In Section 3 the initial-value problem (1.2) is solved by the modified method (R, S), and an asymptotic relation for the discretization error is found (asymptotic in the sense h -> 0, nh fixed, L fixed). From this result conditions for the parameter L will be derived in order to eliminate marginal stability with respect to the given differential equation. The last section of the paper contains some numerical illustrations. Since the zeros of p(w) are simple by hypothesis, the result follows from the fact that the zeros of the polynomial R(w, hL) are continuous functions of hL (see also [7, p. 3] ).
Lemma 3. For hL > 0 and j = 2, ■• • , k, the zeros w, = w¡ (hL) of R(w, hL)
are contained in the interior of the unit circle, whereas the zero wx = 1 is independent ofhL.
Proof. By (1.7), the zeros of R(w, hL) are given by the zeros of According to Lemma 2, these roots have multiplicity one whenever h is sufficiently close to zero, and, thus, the determinant The growth parameters of the classical method are X, = 1, x, = -1, and a simple calculation yields the inequalities L > 1.609 for absolute stability, and L > 3.219 for relative stability (for the interval 0 ^ x ^ 10). The initial values for {yn} were ya = 1 (exact initial value), y, exact to eight places after the decimal point. 
